
DISCRIMINANTS AND LAST JUMPS

Let K be a local field (with finite residue field), Ksep be a separable closure of K, and ΓK :=
Gal(Ksep|K) be its absolute Galois group, with Γv

K (v ≥ −1) the ramification filtration in the upper
numbering. Consider a finite group G and a continuous homomorphism

ρ : ΓK ! G

corresponding to an étale K-algebra L of dimension |G|. Let H = im ρ. The K-algebra L is isomorphic
to the product of [G : H] copies of the field L′ := (Ksep)ker ρ. The maximal order of L is the product of
[G : H] copies of OL′ , so the relative discriminant of L|K is the [G : H]-th power of that of L′|K.

Formula for the discriminant

The extension L′|K is Galois of Galois group Gal(L′|K) = H. By [Ser62, Chap. IV, §2, Prop. 4], we
have the following expression of the valuation of the different of L′|K:

vL′(DL′|K) =

+∞∑
i=0

(
|Gal(L′|K)i| − 1

)
=

∫ +∞

−1

(
|Ht| − 1

)
dt as Ht = H⌈t⌉ = Gal(L′|K)t

=

∫ +∞

−1

(
|Hv| − 1

)
[H0 : Hv] dv cf. [Ser62, Chap. IV, §3]

=
∣∣H0

∣∣ ∫ +∞

−1

(
1− 1

|Hv|

)
dv

=
∣∣ρ(Γ0

K)
∣∣ ∫ +∞

−1

(
1− 1

|ρ(Γv
K)|

)
dv.

By [Ser62, Chap. III, §4, Prop. 6], we have for the discriminant

vK(dL′|K) = vK(NL′|K(DL′|K)) = fL′|K · vL′(DL′|K).

Note that [G : H] · fL′|K ·
∣∣ρ(Γ0

K)
∣∣ = [G : H] · fL′|K · eL′|K = [G : H] · [L′ : K] = [G : H]|H| = |G|. So

vK(dL|K) = [G : H] · vK(dL′|K) = |G|
∫ +∞

−1

(
1− 1

|ρ(Γv
K)|

)
dv.

Relation between discriminant and last jumps

Define the last jump in the ramification filtration, in both the upper and lower numbering:

ljlow(L|K) := sup
{
i ∈ Z≥−1

∣∣ Gal(L′|K)i ̸= 1
}
∈ Z≥−1

ljup(L|K) := sup
{
v ∈ R≥−1

∣∣ Gal(L′|K)v ̸= 1
}
∈ 1

|G|
Z≥−1.

We have the following relation between these three invariants:

vK(dL|K) = |G|
∫ +∞

−1

(
1− 1

|ρ(Γv
K)|

)
dv

= |G|
∫ ljup(L|K)

−1

(
1− 1

|ρ(Γv
K)|

)
dv

= |G| · (ljup(L|K) + 1)−
∫ ljup(L|K)

−1

[G : ρ(Γv
K)] dv

= |G| · (ljup(L|K) + 1)− [G : ρ(Γ0
K)]

∫ ljup(L|K)

−1

[ρ(Γ0
K) : ρ(Γv

K)] dv

= |G| · (ljup(L|K) + 1)− [G : ρ(Γ0
K)] · (ljlow(L|K) + 1)
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